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Abstract
We investigate the stability of nontrivial nonnegative stationary solutions of semilinear initial-boundary value problems
with convex or concave nonlinearity. In the convex case f(0)60 implies instability, in the concave case f(0)¿0 implies
stability. We also discuss the necessity of the sign condition on f(0). c© 2001 Published by Elsevier Science B.V.
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1. Introduction
We present a note on the papers [2,9] by Shivaji and co-authors on the stability of nontrivial
nonnegative stationary solutions of semilinear initial-boundary value problems. The problem to be
considered is
@tu=?u+ f(u); (1)
h(x)u+ g(x)@	u= 0 on @
 (2)
on a bounded domain 
⊂Rn where f is a strictly convex or concave C2 function on [0;∞). (Here
h and g are nonnegative, nowhere simultaneously vanishing functions on @
.)
Shivaji and his co-authors have altogether proved that if f′′¿ 0 and f(0)60, then every non-
trivial nonnegative stationary solution of (1) and (2) is unstable. They Brst considered the monotone
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case (i.e., f′¿ 0) in [2]. The nonmonotone case was Brst proved by Tertikas [13] using sub- and
supersolutions. This proof was simpliBed by Maya and Shivaji [9], reducing the problem to the
monotone one via the decomposition of f to a monotone and a linear function.
In this paper we give a more direct proof. This is not only shorter but also reveals that the way in
which the convexity of f underlies instability is independent of monotonicity. Moreover, the proof
implies at the same time stability in the concave counterpart (f′′¡ 0 and f(0)¿0). The results are
formulated in the following theorem.
Theorem 1. (i) If f′′¿ 0 and f(0)60, then every nontrivial nonnegative stationary solution of
(1) and (2) is unstable.
(ii) If f′′¡ 0 and f(0)¿0, then every nontrivial nonnegative stationary solution of (1) and (2)
is stable.
In some sense the sign condition for f(0) is also necessary for the above stability property.
Namely, in the case of opposite sign and for balls 
=BR there are typically two stationary solutions
of (1) and (2), and the small one has the opposite stability as in the theorem. This change of
stability correlates with the loss of uniqueness. Namely, under the conditions of Theorem 1 there is
uniqueness whenever the number of stationary solutions is known. This is proved for the concave
case on an arbitrary domain, see [1] and the references therein; for the convex case generally in one
dimension [6,8] and for special nonlinearities also in several dimensions [7,10,12,14]. These topics
will be dealt within the last section.
In addition to the above results, we extend Theorem 1 to a slightly more general case:
@tu= Lu+ f(x; u); (3)
h(x)u+ g(x)@A	u= 0 on @
: (4)
Here L is the elliptic operator deBned by
Lu := − div (A(x)u) ;
where the matrices A(x) ∈ Rn×n are symmetric and uniformly positive deBnite; further,
@A	u :=A	 ·u
denotes the conormal derivative, and u → f(x; u) is strictly convex or concave for all Bxed x ∈ 
.
2. Proof and extension of Theorem 1
Let u be a stationary solution of (1) and (2):
?u+ f(u) = 0; (5)
h(x)u+ g(x)@	u= 0 on @
 : (6)
Let us consider the eigenvalue problem corresponding to the linearized equation:
?v+ f′(u)v= v; (7)
h(x)v+ g(x)@	v= 0 on @
 : (8)
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Denote by 1 the Brst eigenvalue. As is well known, if 1¿ 0 then u is unstable, and in case 1¡ 0
u is stable. Further, the corresponding eigenfunction can be chosen nonnegative.
The proof of our theorem is a consequence of the following lemmas. The convexity-type assump-
tions are only involved in the second one.
Lemma 1. For any solution u of (5), (6) and corresponding eigenpair (; v), there holds∫


v(uf′(u)− f(u)) = 
∫


uv: (9)
Proof. Multiplying (7) by u and (5) by v, then subtracting and integrating over 
, we obtain∫


(u?v− v?u) +
∫


v(uf′(u)− f(u)) = 
∫


uv:
Green’s identity yields that the Brst term is zero.
Lemma 2. (i) If f′′¿ 0 and f(0)60, then uf′(u)− f(u)¿ 0 for all u ∈ R+.
(ii) If f′′¡ 0 and f(0)¿0, then uf′(u)− f(u)¡ 0 for all u ∈ R+.
Proof. Let
l(u) := uf′(u)− f(u) (u ∈ R+): (10)
Then l′(u)=uf′′(u). In the Brst case, l(0)¿0 and l′(u)¿ 0 imply l(u)¿ 0 (u ∈ R+); in the second
case, l(0)60 and l′(u)¡ 0 imply l(u)¡ 0 (u ∈ R+).
Proof of Theorem 1. We apply (9) to the Brst eigenvalue =1 and the corresponding eigenfunction
v. Since u¿ 0, v¿0 and v ≡ 0, Lemma 2 yields the desired sign of 1.
Now, we generalize Theorem 1 as mentioned in the Introduction. We use the notations L and @A	u
as given there. We call a function g strictly convex (or concave) if g′′¿0 (g′′60), respectively,
and not constant zero on any subinterval.
Theorem 2. (i) Let u → f(x; u) be strictly convex and f(x; 0)60 for all 8xed x ∈ 
. Then every
nontrivial nonnegative stationary solution of (3) and (4) is unstable.
(ii) Let u → f(x; u) be strictly concave and f(x; 0)¿0 for all 8xed x ∈ 
. Then every nontrivial
nonnegative stationary solution of (3) and (4) is stable.
Proof. The proof proceeds in the same way as for Theorem 1. The eigenvalue problem corresponding
to the linearized equation now takes the form
Lv+ @uf(x; u)v= v; (11)
h(x)v+ g(x)@A	v= 0 on @
: (12)
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Instead of (9) we now get∫


v(u@uf(x; u)− f(x; u)) = 
∫


uv (13)
using Green’s formula again for L. Introducing l(x; u) := u@uf(x; u) − f(x; u), we obtain from (13)
the desired sign of the Brst eigenvalue 1 via the appropriate analogue of Lemma 2.
3. On the necessity of the sign condition on f (0)
We note that Theorem 1 actually states the corresponding stability property for all bounded do-
mains 
, all h and g in (2) and all nontrivial nonnegative stationary solutions. In this sense the sign
condition for f(0) is also necessary, i.e., if f(0) has the opposite sign as in Theorem 1 then we can
Bnd a suitable domain and h, g with a nonnegative stationary solution of the corresponding problem
having opposite stability. Moreover, in the case f(0)¿ 0 the convexity or any other property of f
plays no role, namely, this sign condition alone ensures the existence of a stable stationary solution.
We formulate this in a theorem below. The domain can be chosen a ball BR and Dirichlet boundary
condition can be considered, i.e., in this section we restrict ourselves to the problem
@tu=?u+ f(u); (14)
u= 0 on @BR: (15)
The characterization of the number and stability of all nonnegative stationary solutions is only
partly known in this opposite case. For concave f, Castro and co-authors give almost full characteri-
zation, which is in fact complete for balls [3–5]. For convex f only partial results have been proved
even on balls; on the other hand, there is full characterization in one dimension for the number of
solutions [6,8] via the time-map, which in this case also determines stability [11]. After the theorem
we quote one typical result for both the convex and concave cases. It turns out that the opposite
sign of f(0) changes the stability of the small solution only, whereas the second (large) solution,
if it exists, preserves the stability property of Theorem 1.
Theorem 3. (i) If f(0)¿ 0, then there exists a ball BR on which (14) and (15) has a stable
nontrivial nonnegative stationary solution.
(ii) If f′′¡ 0 and f(0)¡ 0, then there exists a ball BR on which (14) and (15) has an unstable
nontrivial nonnegative stationary solution.
Proof. (i) Let l(u) be as in (10). Then l(0)¡ 0. Hence, there exists ¿ 0 such that f(u)¿ 0 and
l(u)¡ 0 on [0; ). Proposition 4 in [6] yields that for any c¡ there exists R¿ 0 such that problem
(14) and (15) has a positive stationary solution u with max u= . Then l(u(x))¡ 0 (x ∈ BR), hence
(9) shows that the Brst eigenvalue of the corresponding eigenvalue problem is negative, i.e., u is
stable.
(ii) This part is proved in [3] for the case lim∞ f′¿ 0, and in [5] for lim∞ f′60.
We note that in both parts in fact, an interval of the possible radii R can be obtained.
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Remark 1. Let n=1, f be strictly convex and superlinear at inBnity. Then there exists R16∞ such
that for any R¡R1 problem (14), (15) has two positive stationary solutions [6]. The small one is
stable, the large one is unstable. (This follows from the shape of the time-map obtained in [6] and
from [11].)
Remark 2 (Castro and Shivaji [5]). Let f be strictly concave and sublinear at inBnity. Then there
exist R1¡R2¡∞ such that for any R1¡R6R2 problem (14), (15) has two positive stationary
solutions. The small one is unstable, the large one is stable. For R¿R2 problem (14), (15) has one
positive stationary solution, which is stable.
References
[1] H. Brezis, L. Oswald, Remarks on sublinear elliptic equations, Nonlinear Anal. 10 (1986) 55–64.
[2] K.J. Brown, R. Shivaji, Instability of nonnegative solutions for a class of semipositone problems, Proc. Amer. Math.
Soc. 112 (1) (1991) 121–124.
[3] A. Castro, S. Gadam, R. Shivaji, Positive solution curves of semipositone problems with concave nonlinearities,
Proc. Roy. Soc. Edinburgh Sect. A127 (1997) 921–934.
[4] A. Castro, J. Garner, R. Shivaji, Existence results for classes of sublinear semipositone problems, Results Math. 23
(1993) 214–220.
[5] A. Castro, R. Shivaji, Positive solutions for a concave semipositone Dirichlet problem, Nonlinear Anal. 31 (1998)
91–98.
[6] J. Kar,atson, P.L. Simon, Bifurcations of semilinear elliptic equations with convex nonlinearity, Electron. J. DiNerential
Equations 1999 (43) (1999) 1–16.
[7] M.K. Kwong, Uniqueness of positive radial solutions of ?u − u + up = 0 in Rn, Arch. Rational Mech. Anal. 105
(1989) 243–266.
[8] T. Laetsch, The theory of forced, convex, autonomous, two point boundary value problems, Rocky Mountain J.
Math. 15 (1985) 133–154.
[9] C. Maya, R. Shivaji, Instability of nonnegative solutions for a class of semilinear elliptic boundary value problems,
J. Comput. Appl. Math. 88 (1998) 125–128.
[10] K. McLeod, Uniqueness of positive radial solutions of ?u+f(u)=0 in Rn II, Trans. Amer. Math. Soc. 339 (1993)
495–505.
[11] R. Schaaf, Global Solution Branches of Two Point Boundary Value Problems, Springer Lecture Notes in Mathematics,
No. 1458, 1990.
[12] P.N. Srikanth, Uniqueness of solutions of nonlinear Dirichlet problems, DiNerential Integral Equations 6 (3) (1993)
663–670.
[13] A. Tertikas, Stability and instability of positive solutions of semipositone problems, Proc. Amer. Math. Soc. 114 (4)
(1992) 1035–1040.
[14] L. Zhang, Uniqueness of positive solutions of ?u + u + up = 0 in a ball, Comm. Partial DiNerential Equations 17
(1992) 1141–1164.
